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Sound Propagation and Radiation in a Curved Duct
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An investigation of sound propagation and radiation in a curved duct using a boundary integral method is
presented. The duct of interest is assumed to be hard walled both inside and outside. To avoid interference between
the fields radiated from both of its ends, the straight part of the duct is closed with a rigid disk. The acoustic source
placed close to this disk simulates a spinning mode. Experiments were also carried out in an anechoic chamber for
an identical duct geometry. Comparisons between numerical and experimental results are in good agreement. The
modal analysis shows, in particular, that all propagating modes are present at the curved end, for a single pure
mode at the source. This result is in agreement with previous analytical studies, which established that several
angular modes are required to satisfy the Helmholtz equation in the curved part of the duct. As a result of this
modal redistribution, the directivity patterns are not axisymmetrical around the duct exit centerline.

Nomenclature
c = ambient speed of sound
d = characteristic size of the mesh elements
/ = frequency
/cutoff (m , n) = cutoff frequency for mode (ra, ri)
G = free-field Green's function
Jm = rath order Bessel function of the first kind
J'm - first-order derivative of Jm
k = total wave number
m = azimuthal mode number
n = radial mode number
p = acoustic pressure
R = duct radius
rM = coordinate vector of the observation point M
rP = coordinate vector of a point P belonging to the

mesh
(r, 0,0) = spherical coordinate system
Si = source surface
£2 = duct surface
A = acoustic wavelength

= double-layer potential
= cylindrical coordinate system; see Fig. 1
= single-layer potential
= nth zero of J'm
- angular frequency (2nf)
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0)

M
I. Introduction

OST analytical solutions to sound propagation and radiation
. problems in ducts are based on the standard Tyier and Sofrin

model.1 This theory gives a good insight into the physical phe-
nomenon, but in practice, its applications are restricted to straight
semi-infinite baffled cylindrical ducts. Moreover, this type of ana-
lytical solution is not suited to the evaluation of sound attenuation
by an acoustic lining of finite length placed on the duct wall. More
recently, numerical methods for predicting sound radiation in more
realistic duct configurations have been developed. These numerical
techniques fall into two categories: 1) finite difference and finite
element methods (FEM) and 2) boundary integral methods (BIM).
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The first class of methods is generally used for analyzing sound
propagation in ducts in the presence of a mean flow. The numerical
solution is limited to low frequencies and short ducts because of the
large number of grid points required to resolve the axial wavelength
of the acoustic wave. The number of grid points is proportional to the
frequency and duct length, and inversely proportional to one minus
the Mach number. Some progress has been achieved for the study
of propagating modes (see, for instance, Baumeister2); the use of
a time-dependent finite difference scheme reduces drastically the
storage and CPU requirements.

However, some attention must be given to the description of the
exit impedance. One of the main difficulties arising in finite differ-
ence techniques is the introduction of the correct boundary condition
at the duct exit because this condition, usually described as a wave
impedance, depends on the solution itself. The admittance function
suggested by Baumeister2 corresponds to a plane wave impedance.
This implies that only one mode is incident on the boundary or that
the admittance function is independent of the modal composition. In
addition, this numerical scheme does not converge for evanescent
modes. Extending the duct length to prevent transient reflections
solves the stability problem at a significant cost in terms of compu-
tational efficiency.3 Cabelli4 reframed these boundary conditions to
simulate an anechoic termination for a multiplicity of modes and to
allow reflections at the source location. The anechoic termination
assumption is a powerful tool for studying propagation in ducts, but
it may lead to an overestimation of the radiated field. Thus, it is not
valid for duct configurations with strong reflections at their ends.
Moreover, in the presence of a mean flow of nonnegligible Mach
number, the exit impedance may be different from the assumed
impedance.

Another drawback of finite difference techniques comes from
the heavy computation time and storage capacity requirement for
computing the acoustic pressure in the midfield and in the far field,
since a very large number of grid points is needed to mesh the fluid.

A recent paper by Roy and Eversman5 presents an attractive
method for improved finite element modeling of the radiation prob-
lem. The proposed method combines conventional FEM in the near
field and a wave envelope method in the far field. The envelope ele-
ments are built to ensure the far field decays with the inverse of the
distance from the duct exit.

BIMs are an interesting alternative. They are based on an integral
representation of the sound field. The integral equations are solved
only at the boundaries (i.e., the duct surface and the source plane),
so that the number of nodes for surface meshes is much smaller
than for three-dimensional finite difference volume meshes. Another
important advantage of BIM is that they take the Sommerfeld's
radiation condition automatically into account. As discussed, this
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condition can only be approximated in finite difference techniques.
However, the free-field Green's function is required in the integral
formulation, so that solutions can be obtained only in homogeneous
media or in the presence of a uniform mean flow. In practice, this
latter limitation reduces the application of the method: for instance,
BIMs are not suited to the analysis of sound propagation in ducted
fans in the presence of a strongly nonuniform mean flow profile.

A FEM/BIM coupled approach can combine the advantages of
the FEM and BIM. The FEM is used for the in-duct propagation in
the presence of mean flow with reduced computer storage and CPU
time. The BIM can be used to predict the pressure radiated outside
the duct.

Geometrical acoustics is another approach to handle the sound
propagation and radiation problem. Ray theory can predict propa-
gation in a lined duct with a realistic geometry in the presence of a
mean flow. This technique has been applied by Kempton,6 Kemp-
ton and Smith,7 and Boyd et al.8 for the propagation of broadband
fan noise. Geometrical acoustics is a high-frequency approximation,
and the ray solution is independent of the frequency. As a limitation,
the ray theory is only appropriate if the frequency is far from the
duct cutoff frequency.

Our application concerns acoustic radiation from helicopter tur-
boshaft engine inlets. The curved duct studied represents a simpli-
fied model of an engine inlet. If the Mach number in the engine
inlet is small, then the BIM is appropriate for this type of problem.
The numerical calculations were performed using a BIM originally
developed by Hamdi.9 The BIM is formulated in the frequency do-
main. An excessive CPU time would be required for broadband
noise where a sweep in frequency is necessary. However, this for-
mulation is well suited to the present application of the discrete
frequency noise generated by the compressor of the engine. The
code has already been validated at ONERA in previous studies for
scattering applications10'11 and for radiation from straight circular
or annular ducts.12 Hamdi and Ville13 presented an application of
the method to sound radiation from a straight open duct. Compar-
isons with experimental results validated the method for this basic
configuration.

Our objective is to demonstrate the capabilities and the interest
of the BIM for analyzing sound propagation and radiation in a more
complex duct geometry. This paper starts with a brief presentation
of the theoretical basis of the BIM (Sec. II). The meshes for the duct
are then presented in Sec. III. Section IV describes the experiments
carried out in an anechoic chamber, for the same duct geometry.
Finally, three types of results are discussed in Sec. V: 1) the az-
imuthal structure of the wall pressure field at the end of the duct, 2)
far-field directivity patterns, and 3) the pressure distribution on the
end cross section of the bend. Numerical and experimental results
are compared for the first two configurations.

II. Boundary Value Problem for the Curved Duct
General Problem Formulation

This section gives a brief description of the boundary value prob-
lem for a curved duct. Let us consider a curved duct defined by
the surface 52, and an acoustic source represented by a pressure

*A

distribution on the S\ disk (Fig. 1). The duct is assumed to be hard
walled both inside and out, but the BIM also allows computations
in the presence of an absorbing material introduced as an acoustic
impedance on the duct walls.

The boundary value problem for the pressure field p is described
by the following system:

in the fluid

on S2 and

on S\ with

A/? + k2p = 0

3/1

l imr — -i = 0

(1)

(2)

(3)

(4)

where k = co/c is the total wave number (a> is the angular frequency
of the acoustic source).

At any point in the fluid, the pressure field is the solution of
the Helmholtz equation (1). Equation (2) corresponds to the zero
normal acoustic velocity condition on the rigid wall S2- Equation (3)
describes the pressure distribution imposed on the source disk S\.
This definition corresponds to a pure mode in the case of a rigid
cylindrical duct. Here Xmn is the nth zero of the derivative of the
rath-order Bessel function [J'm(Xmn) = 0]. The amplitude A of
the mode is adjusted a posteriori to give the same maximum sound
pressure levels (SPL) for the numerical and experimental directivity
patterns. At infinity, the pressure field satisfies the Sommerfeld's
radiation condition [Eq. (4)].

In BIM, the boundary problem is replaced by equivalent integral
relations. Further details on the boundary integral formulation devel-
oped by Hamdi can be found in his doctoral thesis.9 The following
integral representation is used:

= / a(rP)G(ru,rp)dSi - f
Js?

where
exp(/£|rM-/>|)
——•————;——

\rM - rP \

Fig. 1 Problem geometry.

——— dS2

(5)

(6)

is the free-space Green's function and cr(rP) and /z(r/>) are a single-
layer and a double-layer potential, respectively.

Applying the boundary conditions (2) and (3) leads to a system of
integral equations for the potentials a and /*. These integral equa-
tions could be solved using self-collocation techniques. To avoid
the computation of the finite part of the double-layer integral equa-
tion, a variational formulation is used. As described by Hamdi,9 the
variational formulation avoids the difficulty of handling singular in-
tegrals on the source and duct surface. Moreover, the double-layer
potential /x is set to zero at the duct inlet to avoid the computation
of the integral along the regular contour of the surface S2. It also
physically ensures the pressure jump is zero.

Numerical surface integrals involved in this formulation are com-
puted using Gaussian integration. In the BIM code, the number of
Gaussian points is assumed to be the same for the self-influence sur-
face and the cross-influence surface. A convergence study10 in the
case of the scattering of a plane wave by a rigid sphere shows that
the error falls below 9% when using three Gaussian points for both
self- and cross-influence triangular elements. This ensures the con-
vergence of the BIM, as well as sufficient accuracy for engineering
purposes. A complementary analysis14 indicates that increasing the
number of Gaussian points improves the near-field solution very
close to the sphere surface but does not improve the far-field so-
lution. For the present curved duct configuration three Gaussian
points are used for linear triangular elements and four points for
linear quadrilateral panels. The agreement discussed subsequently
between numerical and experimental results confirms the conver-
gence of the BIM.
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Finally, the potentials are computed in a discrete form using a
surface mesh on Si and £2. This leads to a complex symmetrical
influence matrix, and a and JJL are then solutions of a linear algebraic
system.

Once a and \JL are known on the mesh, the acoustic pressure at any
point in the fluid can be obtained from Eq. (5). At points in the direct
vicinity of the mesh surface, the numerical surface integral in Eq. (5)
becomes singular. This problem has been studied for the situation of
scattering by the rigid sphere of radius 1 m (Ref. 14). Numerical tests
show that the acoustic pressure is accurately computed on a radius
greater than 1.05 m when using a surface mesh with a characteristic
size of the elements of the order A./4 and three Gaussian points to
compute the surface integrals. Note that this drawback does not hold
for our application. The pressure field of interest here is the far-field
pressure and the pressure on the duct surface for modal analysis.

At points belonging to the surface of the duct, the expression for
the pressure is given by

cr(rP)G(rMtrP)dSi

-s, (7)

Source Modeling
The acoustic source on S\ [Eq. (3)] represents a spinning mode

(m, n) emitted close to the end of the straight duct. Obviously, this
source does not model the actual turbine noise; the spinning mode
only describes the spatial pressure field generated by the compressor.
The source modeling also reproduces the pressure field generated by
the acoustic drivers of the experiment. However, in the experimental
configuration, the radial mode number n is not fixed a priori and
depends on the propagation problem itself.

One disadvantage of this model is that it does not allow one to
control the incident pressure field and to separate it from the re-
flected field. The pressure field imposed on S\ corresponds to the
total pressure field, which is the sum of the incident waves plus the
waves reflected by the duct end. A pure (m, n) mode will only be
approximated by the experiment if the magnitude of the reflected
field is small with respect to the incident field in the vicinity of the
source location.

III. Surface Mesh
Figure 2 shows the geometry of the curved duct. The duct surface

(£2) is made up of three parts: 1) a straight duct (D\) of length 1.8 m
and radius R = 0.15 m, 2) a torus (T) of internal radius /?, = 0.09 m
and external radius Re = 0.39 m, and 3) a short duct (D2) of length
0.1 m and radius R = 0.15 m.

For ducts with both ends open, interference between the sound
emitted from both inlet and exit will dramatically alter the far-field
radiation pattern.15 To eliminate this phenomenon, the end of the
long duct DI is closed with a rigid disk.

The acoustic source on the S\ surface is located close to the end
of the DI straight duct. A small cavity is thus created between the
duct end and the source disk (i.e., a 3.6-cm-long cylinder of radius
15 cm), so that the troublesome irregular frequency problem may
arise in the BIM computation. M6barek and Hamdi16 developed a
technique that overcomes this difficulty. It consists of introducing an
absorbing element inside the cavity. However, this problem can be
easily avoided here with an appropriate choice of the cavity size. For

0.1m : 0.15m
0.036m

I.Sm

Fig. 3 Surface mesh for the curved duct.

a cylindrical cavity with length / and radius /?, the lowest resonance
frequency fr of the cavity is given by fr = c/4/. Taking / = 3.6 cm
yields fr = 2341 Hz. Because this value is greater than the max-
imum frequency of the experiment (2 kHz), there is no irregular
frequency in the frequency range of interest.

The duct mesh and the source disk mesh were generated using
MOSAIC® software: The number of nodes and elements required
depends on the acoustic wavelength X. For engineering purposes, the
d < X/4 criterion, where d is the characteristic size of the elements,
ensures convergence of the BIM and yields accurate results.9'10

For the present application, the frequency range is 1-2 kHz. Ac-
cording to the d < A/4 criterion, 1706 nodes and 1704 elements are
sufficient for meshing the entire duct surface (see Fig. 3).

IV. Experiments
Experimental Setup

Basic acoustic experiments were carried out at ONERA in an ane-
choic chamber for studying the influence of duct geometry on sound
propagation and radiation.17 Figure 4 shows the details of the exper-
imental setup. The duct is made of 0.5-cm-thick poly vinylchloride
and has the geometry described in Sec. III. To avoid interference ef-
fects, absorbing material is placed at the end of the straight duct D\.

The acoustic source consists of a spinning mode synthesizer
placed close to the end of the long duct. This apparatus is made
of 12 James B. Lansing 2420 acoustic drivers mounted in one sec-
tion, on the duct wall, with a 30-deg spacing. Azimuthal modes in
the m — — 5 to +5 range can be generated without spatial alias-
ing. The directivity patterns near the exit are measured by a moving
microphone. Two circular arrays of 12 Briiel and Kjaer 0.25-in. mi-
crophones of type 4135, located every 30 deg, are mounted on the
duct wall, both near the source and near the bend exit. They are used
to perform modal analyses of the in-duct acoustic field.

Acoustic Mode Generation
Acoustic drivers can be considered as monopole sources. Our

source array makes it possible to impose the azimuthal composition
of the incident acoustic field, but, as stated in Sec. II, for a given
azimuthal mode m, the radial structure of the field strongly depends
on the propagation conditions in the duct. To avoid this drawback,
we use the fact that at a given frequency the duct acts as a low-pass
filter for radial modes. For a given (m, n) mode, the cutoff frequency
(see Table 1) is given by the relation

/cutoff (m, n) = CX

All cases investigated are such that

/cutoff (m, 1) < / < /cutoff (m, 2)

(8)

(9)

Fig. 2 Curved duct geometry.

Only the n = 1 radial mode can propagate for azimuthal order
m at the source, at frequency /. Under these conditions, accurate
comparisons between experimental results obtained for various duct
configurations, as well as comparisons between experimental and
BIM results, are possible.
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Table 1 Cutoff frequency for a circular
rigid duct of radius R = 0.15 m,

according to Eq. (8)

./cutoffO?, 1) ./cutoff("I, 2)

0
1
2
3
4

0
664
1101
1515
1918

__
1923
2419
2891
3348

Moving microphone for
directivity measurements

Spining modes
synthesizer made
of 12 acoustic drivers

absorbing"
material ~

Circular array of 12
microphones
for modal analysis

Fig. 4 Experimental setup for studying the acoustic behavior of i
curved duct.

V. Results
Modal Analysis

The modal decomposition is obtained by taking the Fourier trans-
form of the wall pressure field with respect to the azimuth angle.

In the experimental case, the modal analysis is performed on the
pressure measured by the 12 microphone array, using a method
developed to improve the signal to noise ratio.18

Similarly, for the BIM, the acoustic pressure is computed on an
annular surface at the bend exit (this surface is shaded in Fig. 5).
The pressure field on this surface is evaluated at the Gaussian points
of the elements using Eq. (7).

Figures 6a and 6b correspond to results obtained at 1 kHz for
a pure mode at the source, with azimuthal orders m — 0 and 1,
respectively. For a pure azimuthal mode at the source, the modal
analysis reveals that all propagating modes are present at the curved
exit. For instance, in the m — 0 source configuration, the m = — 1
and m = 1 components are generated. The additional modes are the
result of modal conversion occurring on the bend. In contrast, for
the case of a straight cylindrical duct, a given mode is detected at
the exit only if it is present at the source location.

For higher frequencies, the number of modes increases (see Figs. 7
and 8). For instance, at / = 2 kHz, all propagating modes between
m = — 4 and m = 4 are present, as expected from the cutoff relation
(8).

Note from Figs. 6-8 that comparisons between experimental and
numerical results show a good agreement. In the 1-2-kHz range, the
modal redistribution toward all propagating modes is well retrieved
using the BIM. Figures 6 and 7 also show that higher nonpropagating
modes are present in the experimental results, probably because of
background measurement noise. Nevertheless, their levels are very
low, about 30-40 dB below the levels of the propagating modes.
These modes are obviously not predicted by the computation.

Far-Field Directivity Patterns
Far-field directivity patterns are presented in Figs. 9-15. The

experimental and computed SPL are plotted in two planes per-
pendicular to the duct exit plane: 1) in the 9 = 90-deg plane, for
—90 < 0 <= 90 deg and 2) in the 9 = 0 plane, which corresponds
to the duct symmetry plane, for 0 < $ < 90 deg. The distance r
from the center of the exit section to the observation point is 1.4 m.

Fig. 5 Annular surface at the exit of the duct mesh used for the modal
analysis.
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Fig. 6 Modal analysis of the wall pressure field at the duct exit, at/
IkHz.

9 = 90-deg Plane
At 1 kHz, for m = 0 (Fig. 9), the directivity pattern exhibits a

perfectly symmetrical lobe. Form = 1 (Figs. 10 and 11), the pattern
is no longer symmetrical. As Lewy19 pointed out, this result can be
explained by phase differences between the various azimuthal com-
ponents at the bend exit. Lewy19 used the Tyier and Sofrin model to
compute directivity patterns with measured azimuthal components
from the earlier described experiment as input data. He showed that
adding coherently all modal contributions leads to a close agreement
with experimental directivity patterns. In both cases the computa-
tional and experimental results are in good agreement.

At / = 1.5 kHz, for m = 2, differences appear between numeri-
cal and experimental results in the 0 = 10-90 deg region (Fig. 12).
The modal analysis near the source presented in Fig. 7b reveals that
the pressure field reflected by the bend contains several propagating
modes. In particular, the contribution of the m = 3 component is of
the same order of magnitude as the contribution of the m = 2 source
mode. This makes the computational assumption of a pure mode at
the source no longer valid and might explain the differences.
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Modal analysis at the end
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Fig. 7 Modal analysis of the wall pressure field at the duct exit, at / =
1.5 kHz.
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Fig. 8 Modal analysis of the wall pressure field at the duct exit, at / =
2 kHz, for m = 2 at the source.

6 = 0-deg Plane
At 1 kHz, for the plane wave mode (m = 0) at the source, a sig-

nificant directionality is observed in Fig. 13. The main lobe extends
from (j> == 0-30 deg. For the m = 1 configuration (Fig. 14), the SPL
on the duct axis (near 0 = 0) is nonnegligible. Remember that this
value is zero for m = 1 in a straight duct. This result is explained by
the contribution of the m = 0 component resulting from the propa-
gation in the bend (see Fig. 6b). In these two cases, the agreement
between theory and experiment is very good.

2.2

1.1

-90 -45 45 90
$ (degrees)

Fig. 9 Far-field directivity pattern in the 0 = 90-deg plane, / = 1 kHz,
azimuthal mode m - 0: - - - -, computation and ——, experiment.

-90 -45 45 90
4> (degrees)

Fig. 10 Far-field directivity pattern in the 0 = 90-deg plane, / = 1 kHz,
azimuthal mode m = 1: - - - -, computation and ——, experiment.

1.2

0.6

-90 -45 45 90
$ (degrees)

Fig. 11 Far-field directivity pattern in the 0 = 90-deg plane,/ = 1.5
kHz, azimuthal mode m = 1: - - - -, computation and ——, experiment.

Figure 15 shows that, at 1.5 kHz, for m = 2, the radiated field is
more directional for the experimental result than for the computa-
tions. The same explanations apply as for results in the 9 = 90-deg
plane (Fig. 12).

Pressure Field in the Duct Exit Plane
The data now presented are the pressure field, computed using

the BIM on a disk close to the duct exit. Figure 16 presents contour
plots of the pressure field. The SPL corresponds to an arbitrary
modal amplitude of 1 on the source disk [i.e., A = 1 in Eq. (3)].

Figure 16a shows the pressure field for the ra = 0 source con-
figuration, at / = 1 kHz. The radiation pattern is symmetrical with
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Prms(Pa)

1.2

0.6

•90 -45 45 90
$ (degrees)

Fig. 12 Far-field directivity pattern in the 0 = 90-deg plane,/ = 1.5
kHz, azimuthal mode m = 2: - - - -, computation and ——, experiment.

90
«j> (degrees)

Fig. 15 Far-field directivity pattern in the 9 = 0-deg plane, / = 1.5 kHz,
azimuthal mode m = 2: - - - -, computation and ——, experiment.

1.2

0.6

30 60 90
<J> (degrees)

Fig. 13 Far-field directivity pattern in the 0 = 0-deg plane, / = 1 kHz,
azimuthal mode m = 0: - - - -, computation and ——, experiment.

Prms(Pa)

2.2

1.1

30 60 90
4> (degrees)

Fig. 14 Far-field directivity pattern in the 0 = 0-deg plane, / = 1 kHz,
azimuthal mode m = 1: - - - -, computation and ——, experiment.

respect to the xz plane (i.e., with respect to the geometric symme-
try plane). This result is in agreement with the previous directivity
pattern (Fig. 9), for this configuration. Only weak sound amplitude
differences of about 4 dB are observed on the disk surface.

Figure 16b shows the pressure field for the m — 1 source configu-
ration, at the same frequency, / = 1 kHz. Important SPL variations
with a 30-dB range are now observed. The symmetry of the pres-
sure field with respect to the xz plane is destroyed. This result is in
agreement with the directivity pattern (see Fig. 10).

a)m =

b) m = 1

Fig. 16 Pressure field in the duct exit plane, frequency/ = 1 kHz.
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VI. Summary
This paper illustrates an application of a BIM to propagation and

radiation in a curved duct with a circular cross section. The compar-
ison between numerical and experimental results shows the validity
of the method in the midfrequency range for a plane wave mode, as
well as for nonplane modes at the source. The incident mode at the
source is redistributed by the bend toward all propagating modes.
These modes detected at the curved exit are coherent and exhibit
phase relationships. As a result of this phenomenon, for nonplane
wave modes, the directivity patterns are not symmetrical with re-
spect to the geometric symmetry plane of the duct.

For the m = 2, / = 1.5-kHz configuration, the agreement of the
directivity patterns is not as good as in other configurations. This
difference can be attributed to the source modeling. The authors sug-
gest that more accurate results could be obtained using an adequate
sound pressure distribution at the source location. In particular, it
may be necessary to implement a method for separating the incident
and reflected fields on the source surface Si. The present model is
indeed valid only if the pressure field reflected by the bend is neg-
ligible with respect to the incident field in the source vicinity. Such
an improvement would provide a very powerful tool for predicting
radiation by realistic turbomachinery inlets.
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